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Abstract: Let ju,k be the k th positive zero of the Bessel function J,(z) of the first kind and order v > - 1. We prove 
the differential inequalities 
$+$h:,v+1( +-), v> -1, I=% I,&..., 
where h,,,(x), n z 0, are the Lommel polynomials (Watson, 1966). As a consequence we obtain some new lower and 
upper bounds for j,., improving previously known results. 
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1. Introduction 
Using a functional analytic technique, we proved in [6] that the positive zeros j,,, of the Bessel 
function J,(z) of the first kind and order v > - 1, satisfy the differential equation 
dj k 
5 J,‘+n(jv,k> 
Y, = j,,, o. IT=’ 
dv 
c cv + n>J,‘,n(jp,k> ’ 
v> -1. (1.1) 
n=l 
For the sake of simplicity we shall use the notation j for the function j,,,. 
Ismail [lo] and Ismail and Muldoon [12] proved (1.1) using classical methods. From (1.1) 
follows easily the differential inequality 
dj< j 
dv - v > -1, [6,11,15] v+l’ (l-2) 
which means that the function j/( v + l), v > - 1, decreases as v increases. A more general 
result, dj,,,/dv<j,,,/(v+k), v> -k, k=l,2 ,..., was proved earlier [2,15] also by classical 
methods. In this paper we prove the inequalities 
dj . 
37 v+:+l +;f(l- 
n-0 
:=;=:)h:.“+l(+), v> -1, I=O, 1,2 )..., (1.3) 
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where h,,,(x), n 2 0, are the Lommel polynomials [17, p.2941. For 1= 0 we have the inequality 
(1.2). Also for I= 1, 2, 3 we obtain, respectively, the inequalities 
v> -1, 
8( v + 1)2 
,3 1 , v> -1, 
j 
and 
+ 32( v + 1)2( v + 2)2 
.5 1 , v> -1. j 
A consequence of (1.4) is that the function 
j2+ 2 
(v+2)2’ v’ -1, 
(1.4 
0.5) 
(1.6) 
0 *7) 
decreases as v increases. From the monotonicity of (1.7) we obtain some new lower and upper 
bounds for the zeros j. 
2. Main results 
Let j,,, be a positive zero of the Bessel function J,(z); then we have a remarkable identity: 
(see [7,10,12]) 
We observe that (2.1) enables us to rewrite (1.1) into the simpler form 
v> -1. 
Also, from the relation [17, p.2981 
J v+n+dZ) =4+1wkl,“+lo/4 -4w~n-1,v+20/4 
where h,,,(x), n 2 0, are the Lomrnel polynomials [17, p-2941, we obtain 
h 
Because of (2.3) the equations (2.1) and (2.2) can be written as follows: 
g (v+n+1) 
Il=Q 
J,‘+‘+1(j) = $a(v + n + l)h;,,,,( f) = I, 
J,‘,d_i> 
and 
2 = : $ h:,,+,(f), v> -1. 
n-Q 
(2.2) 
(2.3) 
(2.4 
(2.5) 
E.K. Ifantis, P.D. Siafarikas / Zeros of Bessel functions 141 
The differential equation (2.5) was obtained in [12] from a more general differential equation 
concerning the zeros of analytic functions. From (2.5) we have 
E (v+n+l)h;,,+, 
I-1 
- c (v++n+l)h;,,+, . 
n=O n=O 
(2.6) 
Hence, taking into account the relation (2.4), we obtain (1.3). Let us denote the right side of (2.6) 
by H(j, v, Q. We claim that 
(2-7) 
and 
H(j, v, l)>H(j, v, l+l), l=O,l,2 ,... . (2.8) 
To prove (2.8) it is enough to show that 
or 
* v+l+l+i 
c G+i,,+1 
( 1 
m v+/+l+i 1 
v+l+l 
f 2-c 
v+1+2 hf+i,v+l - ) 
i=l i=l i i J 
which is true, because not all of the hl+i,,+r(l/j) can vanish. This follows from the recurrence 
relation of the Lommel polynomials 
h+,-I,“+1 (l/j> + hl+i+l,v+l (l/j) = 2 j(v + I + 1 - i)h,+i,,+,(l/j) [17, p_ 2991 
and the relation (2.5). 
By (2.8) it is clear that lim,,,H( j, v, 1) exists. 
We shall now prove (2.7). From (2.6) we have 
0 < H(j, v, I) - f t hi,,+l 
n-0 
2 
~(v+n+l)h~,,+, 
< Av + I+ 1) n=l 
from which we obtain (2.7). 
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The inequalities (1.5) and (1.6) may be contrasted with the following ones: 
_ > 2 + 8@; lj2 ) d_i 
dv J 
v> -1, 
J 
P-9) 
and 
dj,t- 
dv J 
8(v + l)(v + 3) + 32(v + l)‘(v + 2)’ 
.3 .5 7 
v> -1, (2.10) 
J J 
given in [12]. The differential inequalities (2.9) and (2.10) were used in [12] to obtain lower 
bounds for the first positive zero j,,, of the Bessel function J,(z), v > - 1. 
From the differential inequality (1.4), it follows that the function in (1.7) decreases as v 
increases. Hence, we have the following inequality for the zeros j,,, of the Bessel function J,(z): 
(2.11) 
This inequality is quite sharp as v --) pf, since in this limit it becomes an equality. Also from 
(2.11) we can obtain several lower and upper bounds for the first positive zero of Bessel function 
J,(z). For example, for k = 1 and v = - i, 0 we have j_1,2,1 = $rr and 
ji,r > (p + 2)2(1.9855116) - 2, -1 -C p < - i, (2.12) 
and 
j$ > (p + 2)2(1.9457898) - 2, - 1 -C p c 0. (2.13) 
Since these inequalities become equalities for v = - i and v = 0, respectively, it is clear that 
these lower bounds are sharp when v is near to - i and 0, respectively. In these neighborhoods 
the above inequalities improve the following one: 
j~,i>4(~+1)(~+2)1’2, p> -1, (2.14) 
which is more precise than (2.12), (2.13) when v is near to - 1. The inequality (2.14) is due 
essentially to Rayleigh [16] ( see also [17, p.5021 and numerical calculations indicate that it is very 
sharp in the interval (- 1, 0). The above lower bounds (2.12)-(2.14) are more precise in the 
interval (- 1, 0) than the best among the elementary lower bounds given in [4]. Also the lower 
bounds which follow from (2.11) for k = 1 and v = $, : are more precise in the interval (A, i) 
than the lower bound 
j&> [j0,1+2~(~-j0,1)]2~ O-V<O.5, 
the best elementary lower bound in the interval (0, i) [4]. 
For k = 1 and p = - 1 we have the upper bound 
jVt,<2(v+1)(v+3), v> -1, 
which is also due essentially to Rayleigh [16], and was found using different methods in [1,9]. 
Also from (2.11) for k = 1 and p = i we have j1,2,1 = T and 
j,?,<(v+2)2(1.899166)-2, v>:, 
E. K. Ifantis, P. D. Siafarikas / Zeros of Bessel functions 143 
which for v > : is better than the following bound: 
j$ < [ j,,, + 1.5428897 v]*, v > 0 [3]. 
Note that the lower and upper bounds which follow from (2.11) are better than those given in [5]. 
More complicated (but very sharp for small values of v) lower and upper bounds can be found 
in [12]. 
Finally we point out that the differential inequality (1.6) played an important role in [8] in 
which was proved that the positive function p(v) of the imaginary zeros +ip( v) of the second 
derivative .I,,“( z) of Bessel functions .I,( z) of first kind and order v > - 1, increases for 
0 < v < 0.4526 and decreases for i < v -C 1. This result is in full agreement with the numerical 
results given in [13]. 
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